The strength of entanglement present in a tubular structure consisting of short vortex flow filaments is assessed using a periodic boundary condition (PBC) model by employing the magnitude of the eigenvalues of the periodic linking matrix associated to the filamental structure. The effects of tube radius and of the alignment of the filaments on the strength of entanglement are shown to suggest that strongly aligned flow systems exhibit a stronger entanglement than those consisting of randomly aligned filaments of the same density.
Introduction

1
The objective of this study is to illuminate the consequences of spatial con- and self-linking number [5, 7, 4] . The complexity of the system is quantified by 21 using one, two, and finally, three independent filaments to generate the PBC 22 system, determine associated periodic linking matrices and the resulting peri-23 odic linking eigenvalues [6] . These define new measures of the entanglement 
Confined Fluid Flows via Periodic Boundary
27
Condition (PBC) Models
28
The underlying structure of the Periodic Boundary Condition, PBC, model 29 employed in this study consists of solid right cylinder whose x length is one and 30 whose y and z coordinates lie within a disc of radius a > 0 and containing a 31 collection of arcs whose endpoints either lie in the interior or intersect the x = 0 32 or x = 1 faces under the constraint that the pattern on both faces is identical.
33
The later condition allows one to create and infinite structure by taking the 34 union of integer translates of the cells and taking the unions of the resulting 35 chains to define a collection of one dimensional chains. As, in general, these 36 chains may be non-compact, we will require that each chain has precisely the 37 same number of edges, N , thereby imposing an aspect of homogeneity. Due to 38 the PBC structure, there is also a large scale homogeneity in the collection of of the cross-sectional disc should be understood in terms of this Kuhn length, 43 or persistence length, and influencing the character of the flow or the gel being 44 modeled. We are also interested in the consequences of increased alignment of 45 the incremental structural segments and, therefore, will study these structures 46 as they are subjected to a wide range of alignment constraints ranging from none, random alignment, to very strong influences resulting in a monotone,
48
but not constant, directional orientation of the filaments. In one case, the 49 structure is quite chaotic while, in other cases, the structure is elongated. In all 50 cases, however, one observes a quantifiable degree of entanglement between the 51 substructures. In the next section, we will describe how we propose to quantify 52 the degree of entanglement. 
Conditions
56
The linking number between two oriented chains, l 1 and l 2 , is defined using 57 parameterizations of the chains, γ 1 (t) and γ 2 (s), via the Gauss linking integral: oriented curves l 1 and l 2 , whose arc-length parameterizations are γ 1 (t), γ 2 (s) 60 respectively, is defined as a double integral over l 1 and l 2 [1] :
where 
The periodic linking number
69
In a periodic system we define linking at the level of free chains, i.e. the col- between two free chains I and J is defined as:
where the sum is taken over all the images of the free chain J in the periodic 
86
(ii) LK P is independent of the choice of the image I 0 of the free chain l in the 87 periodic system.
88
(iii) LK P is independent of the choice, the size and the shape of the generating 89 cell.
90
(iv) LK P is symmetric. 
γ(t), then the self-linking number of l is defined as:
98
The self-linking number consists of two terms, the first being the Gauss
99
integral and the second being the total torsion of the curve. of l is defined as:
where the index v runs over all the images of l, except l u , in the periodic system.
104
As with the periodic linking number, the mathematical proof of its existence 
The periodic linking matrix 107
In order to analyze the linking entanglement present in our PBC system, L,
108
consisting of a finite number of free chains, l 1 , l 2 , ..., l n , we employ an n x n 109 real symmetric matrix, LM, the periodic linking matrix [6] whose i, jth entry is 110 defined by equation
In the case of a single generating chain, I, the periodic linking matrix consists The set of eigenvalues is the periodic linking spectrum of the system.
122
Similarly, for systems with n independent chain types, one defines the pe- 
Polygonal Chains
145
The desired filamental structure is modeled using polygonal chains of unit edge connected component of the system is defied as follows:
An Example
151
In Figure 4 we show a simple example of a single length 25 chain contained in a 
Effect of Tube Cross-Section Variation
158
To visually illustrate the effect of the radius of the disc cross-section, we consider 
Effect of Scaled Alignment Constraint
164
The scaled alignment constraint varies from 0.00, corresponding to a uniform 
Shape and Entanglement Effects
172
For example, for a sample size of 500 of such random, i.e. 0.0 alignment, chains,
173
we find a mean diameter of 7.86 units with a mean radius of gyration of 3.57.
174
The mean absolute self-linking is 1.09. As a measure of entanglement, we find 
Diameter and Mean Squared Radius of Gyration
192
In Figure 2 we show the effect of the tube radius and alignment constraint on 
Linking and Self-linking Numbers
200
As the chains are piecewise linear, the Gauss integral and the total torsion are 201 determined using extensions of the smooth chain definitions to these chains.
202
With respect to the self-linking of a single chain segment with itself, the mean appearing to approach, asymptotically, the unconstrained chain value.
233
These contributing factors determine the evolution of the mean absolute In Figure 7 we show the evolution of the absolute values of the three eigenval-
240
ues of a PBC system generated by three independent filaments of length 25. 
Comparison of Systems Across Degrees of Alignment
268
We now wish to characterize the consequences of increasing the alignment con- 
Discussion and Conclusions
276
In this investigation, we have considered short filamental structures confined to 277 tubes of varying cross-sectional radius and subject to varying alignment con- 
280
Employing the associated periodic linking matrix as well as its elements, we
281
show that entanglement occurs across the entire range of cross-sectional radii.
282
We have also shown that entanglement increases with increasing alignment due 283 to the increasingly extended nature of the filamental structure with increasing 284 alignment constraint. As a consequence, we have observed that a randomly 285 aligned structure, according to the eigenvalue measures of the strength of en-286 tanglement, is the least entangled.
